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In this Web appendix, we provide estimation details for the hierarchical IRT model.

ESTIMATION DETAILS

This section presents the full MCMC algorithm for the multilevel testlet IRT model with
varying item parameters. The model without covariates is a special case of the model that
is developed here. Let the observed data be (EXTR, X, W) measuring the item responses
EXTR for the latent trait ERS, X the individual-level explanatory variables, and W the
country-level variables. The Gibbs sampler draws stepwise from the full conditional
distributions. The first step is to augment the observed data with latent data Z. By
defining a continuous latent variable Z that underlies the dichotomous responses
contained in EXTR, it is easier to sample from the conditional distributions of the
parameters of interest. Data augmentation has been widely applied. To identify the

model, we use the restriction Hk ay = 1, and zkbkj =0, in each country j.

1) Sample from [Z;, |EXTR, ,ERS;,a,;,b,;, W, 1, for
k=1,...,K, i= 1,...,nj, and j=1,...,J. Given the parameters ERSU,alkj,bkj,lpiLrk the
variables Z;; are independent and normally distributed, that is,
Z|[EXTR,; .ERS;.a,. by, ~
N(a,;(ERS; —;, )—b,;.1) truncated right by 0 if EXTR ;, =0.

N(a,; (ERS; -, )=b,;.1) truncated left by 0 if EXTR ; =1.

2) Sample from [ ERS; | Z;,a,b, EXTR,y,B;,6” | for i=1,...,n;, j=1,...,J. This full

conditional distribution is a product of two normal distributions and from standard
properties of normal distributions it follows that

K
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3) Sample from [W lj,a,b,cs\zur},for i=1,...,nj, j=1...,J and r=1,...,R where R is

ij,r
the total number of testlets. Consider testlet r of size N;, and let ry denote the testlet of
item k. If N;=1 then y;; =0 for all i and j. The full conditional distribution for y;; is

normal with parameters
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Var(y,, 1Z;,a,b,0, )=

ij?

4) Sampling [&,; 1§, , ERS",y,07,07]
Consider the augmented likelihood. Then,
Z,=HE +¢e,, H =[ERS| 1]

s w72

&, 1€, .Z, ERS, ¥ ~ N(Qu,.Q)l(a, € A)
p,=HZ +¥P'E

— t -1 —
Q' =(HH,;) +¥".

5) Sample from (€, 1€,,Z,a,b].

_ - [a, W, || o o -
Given the prior | . |~ N J o F T =N, X)I(a, e A),
’ [bj (LLJ LS;B 0% D (ug ) ( ' )

we have that

= . J

§k|§k’z~ N(E L. E)I(a € A) Zakj/l

Q = A_lﬁk +Z_1“‘E where &k = ;

B = A +E Dby /3
J

6) Sample from [c” |a,a], [62 | b,b], [Gy, 1. For each variance parameter an inverse

gamma prior is specified with parameters g; and g». As a result, the full conditionals are
inverse gamma distributions with shape parameters KJ/2+g,, KJ/2+g,,andN/2+g,,
respectively, and scale parameters

g2+ZZ(ak ak) /2, gz"‘ZZ( ) /2, g2+22‘z‘\|!1Jr respectively.

j=1 k=1 j=1 k=1 j=1 i=l1
In this article, we specified a noninformative proper prior with g, =g, =1.

7) The conditional distribution of the covariance matrix ¥ has an inverse-Wishart
distribution,



T~ InV—W(K+n0,(Z(§k —He)(E, — 1)’ +s) J We used S=diag(100,100), n¢=2.
k=1

8) Sample from [ B; IERS,.6?,7.T . for j=1.....J. Define X, =(X,;..... X;..... X, ).

ij
with Xij:(XOij, s X i ) . S0, Xj is of dimension njx(Q+1). The Level 2 explanatory
variables for goup j are stored in W;. This matrix is the direct product of (quj,. .. ,quj)
and a Q+1 identity matrix. The prior of the random regression coefficients at Level 1 is
B, ~ N(ij,T). Then, the full conditional posterior of B; is given by,
-1

BIERS,, 0%y, T~ N((Y;'+ 1) (x;'B,+ T'Wy).(x; 1))

-1 -1
where B, =(X,X;) X/ERS, and Y, =c*(X/'X;| . In case of fixed Level I regression

coefficients, a noninformative prior is used, and the resulting conditional distribution is
-1

’ -1 ’ ’
also normal with mean [, = (XF XF) X, (ERS-X,B; ) and variance ¢” (XF XF) ,

where X and X, are the explanatory variables related to the fixed and random
regression coefficents, respectively.

9) Sample from [yIB, T]. The full conditional for the Level 2 regression coefficients y
with a noninformative prior equals

YIB,T ~ N[(Zjl WJTT*WJ)_ iwjfT*Bj,(i WJ.'T*WJ.]_ J

J=1

10) Sample from [62 |ERS, B] . A prior for the variance is specified in the form of an

inverse gamma distribution with shape and scale parameters g; and g, respectively. It
follows that

N 2
62|ERS,[3~IG(N/2+g1,EZ(ERSj—Xij) +g2].

]

A noninformative but proper prior is specified with g, =g, =1.

11) Sample from [TIB,Yy]. An inverse-Wishart distribution with small degrees of
freedom, but greater than the dimension of B i» Mo and unity matrix Sy can be used to
specify a diffuse proper prior for T. It follows that

T||3,y~Inv—w(nno,(z:([sj—ij)(Bj—wjy)+soj J

]



